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SECTION-I 

 

1 (a) 

 

 

Solution: 

 Find the angle between the radius vector and the tangent for the curve 

                  𝒓𝟐 = 𝒂𝟐 𝐜𝐨𝐬 𝟐𝜽.     

                                                                                           

Given , 𝑟2 = 𝑎2 cos 2𝜃 
 

WKT,Angle between the radius vector and the tangent for the curve is 

           𝒕𝒂𝒏∅ = 𝒓.
𝒅𝜽

𝒅𝒓
 

 

Take log on both sides 

logr2 = log(a2cos2𝜃) 

 

logr2 =loga2 + log cos2𝜃 

 

2log r = 2loga + log cos2𝜃 

 

Differentiating wrt 𝜃  

 
𝑑(2𝑙𝑜𝑔𝑟)

𝑑𝜃
 = 

𝑑(2𝑙𝑜𝑔𝑎)

𝑑𝜃
 + 

𝑑(𝑙𝑜𝑔𝑐𝑜𝑠2𝜃)

𝑑𝜃
 

 

2.
1

𝑟

𝑑𝑟

𝑑𝜃
= 0 +

1

𝑐𝑜𝑠2𝜃
. −𝑠𝑖𝑛2𝜃. 2 

 
1

𝑟

𝑑𝑟

𝑑𝜃
 = 

−𝑠𝑖𝑛2𝜃

𝑐𝑜𝑠2𝜃
 

 
𝑑𝑟

𝑑𝜃
= - r 

−𝑠𝑖𝑛2𝜃

𝑐𝑜𝑠2𝜃
 

 
𝑑𝜃

𝑑𝑟
= −

1

𝑟
.
𝑐𝑜𝑠2𝜃

𝑠𝑖𝑛2𝜃
 

 
𝑑𝜃

𝑑𝑟
= −

1

𝑟
𝑐𝑜𝑡2𝜃 

 

Now, 

  𝒕𝒂𝒏∅ = 𝒓.
𝒅𝜽

𝒅𝒓
 

 

𝑡𝑎𝑛𝜑 = r.(−
1

𝑟
𝑐𝑜𝑡2𝜃) 

 

𝑡𝑎𝑛∅ =  −𝑐𝑜𝑡2𝜃 

 

∅ =
𝝅

𝟐
+ 𝟐𝜽 

 

 

(10) 
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1 (b) 

 

Solution: 

(b)F    Find the Pedal equation of the curve 
𝟐𝒂

𝒓
= 𝟏 + 𝐜𝐨𝐬𝜽  

            Given       
2𝑎

𝑟
= 1 + cos 𝜃……..(1) 

WKT, Pedal Equation of the curve is , 

 

𝒑 = 𝒓 𝒔𝒊𝒏∅ 

 
2𝑎

𝑟
= 2𝑐𝑜𝑠2

𝜃

2
 

 

𝒄𝒐𝒔
𝜽

𝟐
=  √

𝒂

𝒓
 

 

Take log on both sides for (1) 

 

𝑙𝑜𝑔2𝑎 − log 𝑟 = log (1 + 𝑐𝑜𝑠𝜃) 

 

Differentiating wrt 𝜃  

 

−
1

𝑟

𝑑𝑟

𝑑𝜃
 =

1

1+𝑐𝑜𝑠𝜃
 . −𝑠𝑖𝑛𝜃 

 
𝑑𝑟

𝑑𝜃
= 𝑟.

𝑠𝑖𝑛𝜃

1 + 𝑐𝑜𝑠𝜃
 

 
𝑑𝜃

𝑑𝑟
=

1

𝑟
 .
1 + 𝑐𝑜𝑠𝜃

𝑠𝑖𝑛𝜃
 

 

𝑡𝑎𝑛∅ = 𝑟.
1

𝑟
 .
1 + 𝑐𝑜𝑠𝜃

𝑠𝑖𝑛𝜃
 

 

             = 
1+𝑐𝑜𝑠𝜃

𝑠𝑖𝑛𝜃
   =

2𝑐𝑜𝑠2𝜃

2

2𝑠𝑖𝑛
𝜃

2 
𝑐𝑜𝑠

𝜃

2

 

𝑡𝑎𝑛𝜑    = 𝑐𝑜𝑡
𝜃

2
 

∅ =
𝜋

2
−

𝜃

2
 

Now, 

𝑝 = 𝑟 𝑠𝑖𝑛𝜑 

   = 𝑟 sin (
𝜋

2
−

𝜃

2
) 

    = 𝑟𝑐𝑜𝑠
𝜃

2
   = 𝑟√

𝑎

𝑟
 

𝑝 = √𝑎𝑟 

 

𝒑𝟐 = 𝒂𝒓 

 

(10) 
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2 (a) 

 

 

Solution: 

        

Show that the pair of curves r = a𝒆𝜽 , r𝒆𝜽 = b intersect each other 

orthogonally.      

 

     r = a𝑒𝜃                                                         r𝑒𝜃 = b 

 

   Take log on both sides       Take log on both sides 

 

   log r =loga +log𝑒𝜃                                          logr+log𝑒𝜃 = logb 

 

  log r =log a + 𝜃                                               logr + 𝜃 =logb 

 

 Differentiating wrt 𝜃                                       Differentiating wrt 𝜃  

 
1

   𝑟

𝑑𝑟

𝑑𝜃
 = 1                                                            

1

𝑟

𝑑𝑟

𝑑𝜃
+ 1 = 0 

 

  𝑟
𝑑𝜃

𝑑𝑟
 =1               𝑟

𝑑𝜃

𝑑𝑟
 = -1 

 

  𝑡𝑎𝑛∅ = 𝑟.
𝑑𝜃

𝑑𝑟
                                            𝑡𝑎𝑛∅ = 𝑟.

𝑑𝜃

𝑑𝑟
 

 

  𝑡𝑎𝑛∅1=1               𝑡𝑎𝑛∅2= -1 

 

  ∅1 =
𝜋

4
                                                            ∅2 = −

𝜋

4
    

                                                                          

  𝑁𝑜𝑤, 
 

𝛼 = |∅2 − ∅1| 
 

      =|−
𝜋

4
−

𝜋

4
| 

 

  𝜶 =  
𝝅

𝟐
 

Thus, 

 

Pair of curves intersect each other orthogonally. 

 

 

 

 

 

 

 

 

 

                

 

(10) 
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2 (b) 

 

Solution: 

Find the radius of curvature of the curve x = acost , y = asint. 

 

   Given     x = acost      ,        y = asint   

 

   WKT, Radius of curvature of the curve is, 

 

                          𝜌 =
[1+(

𝑑𝑦

𝑑𝑥
)
2
]

3
2

𝑑2𝑦

𝑑𝑥2

 

 
Differentiating wrt t,we get 

 

                       
𝑑𝑥

𝑑𝑡
= −𝑎𝑠𝑖𝑛𝑡            ,        

𝑑𝑦

𝑑𝑡
= 𝑎𝑐𝑜𝑠𝑡   

 

                   
𝑑𝑦

𝑑𝑥
 =  

  
𝑑𝑦

𝑑𝑡
𝑑𝑥

𝑑𝑡

 

 

                        = 
 𝑎𝑐𝑜𝑠𝑡

−𝑎𝑠𝑖𝑛𝑡
 

 

                 
𝑑𝑦

𝑑𝑥
   = −𝑐𝑜𝑡𝑡 

Differentiating again wrt x,we get 

 

    
𝑑2𝑦

    𝑑𝑥2
= −(−𝑐𝑜𝑠𝑒𝑐2𝑡)

𝑑𝑡

𝑑𝑥
 

 

                 =𝑐𝑜𝑠𝑒𝑐2𝑡. −
1

𝑎𝑠𝑖𝑛𝑡
 

 

       
𝑑2𝑦

𝑑𝑥2
     = 

−𝑐𝑜𝑠𝑒𝑐3𝑡

𝑎
  

 

  Now,    𝜌 =
[1+(

𝑑𝑦

𝑑𝑥
)
2
]

3
2

𝑑2𝑦

𝑑𝑥2

 

              = 
[1+(−𝑐𝑜𝑡𝑡)2]

−
𝑐𝑜𝑠𝑒𝑐3𝑡

𝑎

3

2
 

               =  
[1+𝑐𝑜𝑡2𝑡]

−
𝑐𝑜𝑠𝑒𝑐3𝑡

𝑎

3

2
 

               = (𝑐𝑜𝑠𝑒𝑐2𝑡)
3

2 . 
−𝑎

𝑐𝑜𝑠𝑒𝑐3𝑡
 

          𝜌   = −𝑎  i.e   𝜌   = 𝑎 

(10) 
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3 (a) 

 

Solution: 

Obtain Maclaurin’s series expansion of 𝐥𝐨𝐠 (𝟏 + 𝒙) upto 𝒙𝟒                          

 

 
𝑓 (𝑥) =  log𝑒(1 + 𝑥)   

  
Maclaurin’s Series expansion is given by 
 

𝑓 (𝑥)  =  𝑓 (0)  +  𝑥 𝑓 ′(0) +
𝑥2

2!

 

𝑓 ′′(0)  + 
𝑥3

3!

 

𝑓 ′′′(0) + . . . . ..  

 

 𝑓 (𝑥) =   log𝑒(1 + 𝑥)                   𝑓(0) =  log𝑒(1 + 0) = 0 

 𝑓 ′(𝑥)  =  
1

(1+𝑥)
                    𝑓ˈ (0) =

1

(1+0)
= 1 

 𝑓ˈˈ(𝑥) =
−1

(1+𝑥)2
                                     𝑓ˈˈ(0) =

−1

(1+0)2
= −1 

 𝑓ˈˈˈ(𝑥) =
2

(1+𝑥)3
                                     𝑓ˈˈˈ(0) =

2

(1+0)3
= 2 

 𝑓 𝐼𝑉
 
(𝑥) =

−6

(1+𝑥)4
                                    𝑓 𝐼𝑉 (0) =

−6

(1+0)4
= −6 

 
  

   Maclaurin’s series expansion is 

 𝐥𝐨𝐠𝒆(𝟏 + 𝒙) =  𝒙 −
𝒙𝟐

𝟐!
+ 𝟐

𝒙𝟑

𝟑!
− 𝟔

𝒙𝟒

𝟒!
+ ⋯……… 

        

(8) 

 

 

 

 

 

 

2 

 

 

1 

 

1 

1 

 

1 

 

 

1 

 

 

 

 

1 

3 (b) 

 

Solution: 

Solve (𝟒𝐱𝐲 + 𝟑𝐲𝟐 − 𝐱)𝐝𝐱 + 𝐱(𝐱 + 𝟐𝐲)𝐝𝐲 =0 

 

 

(4xy + 3y2 − x)dx + x(x + 2y)dy = 0  

            𝑀 = 4xy + 3y2 − x  ,      𝑁 = 𝑥2 + 2𝑥𝑦   

           
𝜕𝑀

𝜕𝑦
= 4𝑥 + 6𝑦            ,      

𝜕𝑁

𝜕𝑥
= 2𝑥 + 2𝑦 

           
𝜕𝑀

𝜕𝑦
−

𝜕𝑁

𝜕𝑥
= 4𝑥 + 6𝑦 − 2𝑥 − 2𝑦 

                          = 2𝑥 + 4𝑦 

                          = 2(𝑥 + 2𝑦) − − −→ Close to N  

 Now 
1

𝑁
(
𝜕𝑀

𝜕𝑦
−

𝜕𝑁

𝜕𝑥
) =

2(𝑥+2𝑦)

𝑥(𝑥+2𝑦)
=

2

𝑥
= 𝑓(𝑥) 

 Integrating Factor = 𝑒∫ 𝑓(𝑥)𝑑𝑥 = 𝑒∫
2

𝑥
𝑑𝑥 = 𝑒2𝑙𝑜𝑔𝑥 = 𝑥2  

 Multiply given equation by 𝑥2  

  𝑀 = 4𝑥3𝑦 + 3𝑥2𝑦2 − 𝑥3           ,        𝑁 = 𝑥4 + 2𝑥3𝑦 

  

  
𝜕𝑀

𝜕𝑦
= 4𝑥3 + 6𝑥2𝑦                        ,        

𝜕𝑁

𝜕𝑥
= 4𝑥3 + 6𝑥2𝑦 

 

 Soln is , 

(6) 

 

 

 

1 

 

 

 

 

 

1 

 

 

 

1 

 

 

 

 

1 
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∫ 𝑀𝑑𝑥 + ∫ 𝑁𝑑𝑦 = 𝐶 

∫ (4𝑥3𝑦 + 3𝑥2𝑦2 − 𝑥3)

𝑦−𝑐𝑜𝑛𝑠𝑡

𝑑𝑥 + ∫ 0. 𝑑𝑦 = 𝐶 

𝒙𝟒𝒚 + 𝒙𝟑𝒚𝟐 +
𝒙𝟒

𝟒
= 𝑪 

 

 

 

 

 

 

2 

 

3 (c) 

 

Solution: 

 

Solve (𝑫𝟐 + 𝟓𝑫 + 𝟔) =  𝒆𝒙 

 
Given, 

                    (𝐷2 + 5𝐷 + 6) =  𝑒𝑥 

 

The Auxiliary Equation is, 

 

            𝑚2 + 5𝑚 + 6 = 0 

 

            𝑚2 + 3𝑚 + 2𝑚 + 6 

 

            𝑚 = −3,−2 𝑎𝑟𝑒 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑤ℎ𝑖𝑐ℎ 𝑎𝑟𝑒 𝑟𝑒𝑎𝑙 𝑎𝑛𝑑 𝑑𝑖𝑠𝑡𝑖𝑛𝑐𝑡 

 

Complimentary Function, 

 

𝐶. 𝐹 = 𝑐1𝑒
−2𝑥 + 𝑐2𝑒

−3𝑥  
Now, 

 

Particular Integral, 

 

𝑃. 𝐼 =
1

𝑓(𝐷)
𝑒𝑥 

       = 
1

𝐷2 +5𝐷+6 
 𝑒𝑥 

 

Put D=1 

 

  = 
1

12 +5.1+6 
 𝑒𝑥 

 

𝑃. 𝐼 = 
𝑒𝑥

12
 

 

The Solution is, 

𝒚 = 𝑪. 𝑭 + 𝑷. 𝑰 

𝒚 = 𝒄𝟏𝒆
−𝟐𝒙 + 𝒄𝟐𝒆

−𝟑𝒙 + 
𝒆𝒙

𝟏𝟐
 

 

 

 

 

(6) 
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4 (a) 

 

Solution: 

Expand 𝐬𝐢𝐧(𝐞𝐱 − 𝟏) using Maclaurin’s series expansion upto the   

term containing 𝐱𝟒 

 

Maclaurin’s Series expansion is  

𝑓(𝑥) = 𝑓(0) +
𝑥

1!
𝑓ˈ(0) +

𝑥2

2!
𝑓ˈˈ(0) +

𝑥3

3!
𝑓ˈˈˈ(0) +

𝑥4

4!
𝑓𝐼𝑉(0) + ⋯. 

𝑓(𝑥) = sin (𝑒𝑥 − 1)                                                       𝑓(0) = 0 

𝑓ˈ(𝑥) = cos(𝑒𝑥 − 1) 𝑒𝑥                                                𝑓ˈ(0) = 1 

𝑓ˈˈ(𝑥) = cos(𝑒𝑥 − 1) 𝑒𝑥 + 𝑒𝑥[− sin(𝑒𝑥 − 1)]𝑒𝑥        𝑓ˈˈ(0) = 1 

𝑓ˈˈ(𝑥) = 𝑒𝑥[cos(𝑒𝑥 − 1) − 𝑒𝑥sin (ex − 1]) 

𝑓ˈˈ(𝑥) = 𝑓ˈ(𝑥) − 𝑒2𝑥𝑓(𝑥)  

𝑓ˈˈ(𝑥) = 𝑓ˈ(𝑥) − 𝑒2𝑥𝑦  

𝑓ˈˈˈ(𝑥) = 𝑓ˈˈ(𝑥) − 𝑒2𝑥𝑓ˈ(𝑥) − 𝑓(𝑥)𝑒2𝑥. 2  

 

𝑓ˈˈˈ(0) = 1 − 𝑒2(0) × 1 − 2(0). 1  

𝑓ˈˈˈ(0) = 0  

𝑓𝐼𝑉(𝑥) = 𝑓ˈˈˈ(𝑥) − 𝑒2𝑥𝑓ˈˈ(𝑥) − 𝑓ˈ(𝑥)𝑒2𝑥. 2 − 2𝑦𝑒2𝑥. 2 − 2𝑒2𝑥𝑓ˈ(𝑥)  

𝑓𝐼𝑉(0) = 0 − 1 − 2 − 4(0). 1 − (2). 1  

𝑓𝐼𝑉(0) = −5  

∴ Maclaurin’s Series expansion is  

 𝒇(𝒙) = 𝐬𝐢𝐧(𝒆𝒙 − 𝟏) = 𝒙 +
𝒙𝟐

𝟐!
− 𝟓

𝒙𝟒

𝟒!
+ ⋯ 

(8) 

 

 

 

 

1 

 

1 

 

1 

1 
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1 

 

 

1 

 

1 

4 (b) 

 

Solution: 

Solve 𝐭𝐚𝐧𝐲
𝐝𝐲

𝐝𝐱
+ 𝐭𝐚𝐧𝐱 = 𝐜𝐨𝐬𝐲𝐜𝐨𝐬𝟐𝐱  

 

tany
dy

dx
+ tanx = cosycos2x  

             Dividing both sides by cosy 

𝑠𝑒𝑐𝑦. 𝑡𝑎𝑛𝑦
𝑑𝑦

𝑑𝑥
+ 𝑡𝑎𝑛𝑥𝑠𝑒𝑐𝑦 = cos2 𝑥  

 
𝑝𝑢𝑡 𝑠𝑒𝑐𝑦 = 𝑡  

𝑠𝑒𝑐𝑦𝑡𝑎𝑛𝑦
𝑑𝑦

𝑑𝑥
=

𝑑𝑡

𝑑𝑥
  

𝑑𝑡

𝑑𝑥
+ 𝑡𝑎𝑛𝑥. 𝑡 = cos2 𝑥   

𝑃 = 𝑡𝑎𝑛𝑥  , 𝑄 = cos2 𝑥  
 

I.F = 𝑒∫ 𝑃𝑑𝑥 = 𝑒∫ 𝑡𝑎𝑛𝑥𝑑𝑥 = 𝑒𝑙𝑜𝑔𝑠𝑒𝑐𝑥 = 𝑠𝑒𝑐𝑥 

𝑡. 𝑠𝑒𝑐𝑥 = ∫ cos2 𝑥 . 𝑠𝑒𝑐𝑥𝑑𝑥 + 𝐶  

(6) 

 

 

 

 

1 

 

 

1 

 

 

 

 

 

2 

 

1 
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𝒔𝒆𝒄𝒙. 𝒔𝒆𝒄𝒚 = 𝒔𝒊𝒏𝒙 + 𝑪  

 

 

1 

4 (c) 

 

Solution: 

Solve 
𝒅𝟐𝒚

𝒅𝒙𝟐
 +y =secx tanx using variation of parameters 

 

Given, 

 

                
𝑑2𝑦

𝑑𝑥2
 +y =secx tanx 

 

                We have, 

 

                   (𝐷2 + 1)𝑦 = 𝑠𝑒𝑐𝑥 𝑡𝑎𝑛𝑥 

 

                  A.E is, 

 

                  𝑚2 + 1 = 0 

 

                 𝑚 = ±𝑖 
 

              𝐶. 𝐹 =  𝑐1 𝑐𝑜𝑠𝑥 + 𝑐2 𝑠𝑖𝑛𝑥 

 

               𝑦1 = 𝑐𝑜𝑠𝑥  , 𝑦2 = 𝑠𝑖𝑛𝑥 

 

                𝑃. 𝐼 = −𝑦1 ∫
𝑦2 𝑋

𝑊
 𝑑𝑥 + 𝑦2 ∫

𝑦1 𝑋

𝑊
 𝑑𝑥 where, 

 

                  𝑋 = 𝑠𝑒𝑐𝑥. 𝑡𝑎𝑛𝑥 & 

 

                 𝑊 = |
𝑐𝑜𝑠𝑥 𝑠𝑖𝑛𝑥
−𝑠𝑖𝑛𝑥 𝑐𝑜𝑠𝑥

|=𝑐𝑜𝑠2𝑥 + 𝑠𝑖𝑛2𝑥 = 1 

 

        𝑃. 𝐼 = −𝑐𝑜𝑠𝑥 ∫
𝑠𝑖𝑛𝑥.𝑠𝑒𝑐𝑥𝑡𝑎𝑛𝑥

1
 𝑑𝑥 + 𝑠𝑖𝑛𝑥 ∫

𝑐𝑜𝑠𝑥.𝑠𝑒𝑐𝑥𝑡𝑎𝑛𝑥

1
  𝑑𝑥 

 

                       = −𝑐𝑜𝑠𝑥 ∫ 𝑡𝑎𝑛2𝑥 𝑑𝑥 + 𝑠𝑖𝑛𝑥 ∫ 𝑡𝑎𝑛𝑥  𝑑𝑥 

 

                       = −𝑐𝑜𝑠𝑥 ∫(𝑠𝑒𝑐2𝑥 − 1)𝑑𝑥 + 𝑠𝑖𝑛𝑥 ∫ 𝑡𝑎𝑛𝑥  𝑑𝑥 

      

                       = −𝑐𝑜𝑠𝑥(𝑡𝑎𝑛𝑥 − 𝑥) + 𝑠𝑖𝑛𝑥. 𝑙𝑜𝑔𝑠𝑒𝑐𝑥 

 

            The solution is, 

 

           𝒚 = 𝑪. 𝑭 + 𝑷. 𝑰 

 

                  𝒚 = 𝒄𝟏 𝒄𝒐𝒔𝒙 + 𝒄𝟐 𝒔𝒊𝒏𝒙 −𝒄𝒐𝒔𝒙(𝒕𝒂𝒏𝒙 − 𝒙) + 𝒔𝒊𝒏𝒙. 𝒍𝒐𝒈𝒔𝒆𝒄𝒙 

 

 

 

 

(6) 

 

 

 

 

 

 

 

 

 

 

 

 

1 

 

1 
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 SECTION-III 

 

 

5 (a) 

 

Solution: 

Solve the following system of equation by Gauss_Elimination method : 

 

*Typing error---Give grace marks those who have attempted it. 

 

(10) 

 

5 (b) 

 

Solution: 

Evaluate ∫ ∫ 𝐱𝐲 𝐝𝐲𝐝𝐱 
√𝒙

𝐱

𝟏

𝟎
 by changing order of integration. 

 
For the required region x varies from 0 to 1 and y varies from y=x  

            to   y=√𝑥    i.e 𝑦2 = 𝑥 which is a parabola.  
 

 
 

 𝑦 = 𝑥  , 𝑦 = √𝑥   ⇒ 𝑦2 = 𝑥         

 𝑥2 = 𝑥 

 𝑥2 − 𝑥 = 0 

 𝑥(𝑥 − 1) = 0 

 𝑥 = 0 , 𝑥 = 1 

∴ 𝑦 = 0 , 𝑦 = 1 

The point of intersection of y=x with the parabola 𝑦2 = 𝑥  is (1,1) 

𝑥 = 𝑦2, 𝑥 = 𝑦  ,   𝑦 = 0  , 𝑦 = 1  

 

 𝐼 = ∫ ∫ 𝑥𝑦𝑑𝑥𝑑𝑦
𝑥=𝑦

𝑥=𝑦2

𝑦=1

𝑦=0
  

 𝐼 = ∫ [𝑦
𝑥2

2
]
𝑦2

𝑦
𝑦=1

𝑦=0
𝑑𝑦  

 𝐼 = ∫ [𝑦.
𝑦2

2
− 𝑦.

(𝑦2)2

2
]

𝑦=1

𝑦=0
𝑑𝑦  

    =
1

2
∫ (𝑦3 − 𝑦5)

𝑦=1

𝑦=0
𝑑𝑦  

    =
1

2
[
𝑦4

4
−

𝑦6

6
]
0

1

  

    =
1

2
[
1

4
−

1

6
]  

    =
𝟏

𝟐𝟒
  

 

(10) 

 

1 

 

 

 

 

 

1 

 

 

 

 

 

 

 

 

 

 

 

 

 

2 

1 

 

 

 

 

 

 

1 

 

1 

 

 

1 
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6 (a) 

 

 

 

Solution: 

 

 

 

 

 

 

 

 

Solve by Gauss-Jordan Method 

        x +2y  + z   = 8   

                2x + 3y + 4z = 20  

                4x + 3y + 2z = 16 

Given,        x +2y  + z   = 8   

                           2x + 3y + 4z = 20  

                           4x + 3y + 2z = 16 

 

             The augmented matrix is, 

              [𝐴: 𝐵] = (
1 2 1
2 3 4
4 3 2

|
8
20
16

) 

 

                   R2=R2-2R1   ,  R3=R3-4R1 

              [𝐴: 𝐵] = (
1 2 1
0 −1 2
0 −5 −2

|
8
4

−16
) 

 

 R3=R3-5R2 

 [𝐴: 𝐵] = (
1 2 1
0 −1 2
0 0 −12

|
8
4

−36
)                                                                     

 

                  R1=R1+2R2 

[𝐴: 𝐵] = (
1 0 5
0 −1 2
0 0 −12

|
16
4

−36
)                                   

 

R3=R3/-12  ,                R2=R2x-1  

[𝐴: 𝐵] = (
1 0 5
0 1 −2
0 0 1

|
16
−4
3

)                                

 

R1=R1-5R3   ,  R2=R2+2R3   

 

 [𝐴: 𝐵] = (
1 0 0
0 1 0
0 0 1

|
1
2
3
)    is an identity matrix                                                 

 

𝐻𝒆𝒏𝒄𝒆 𝒙 = 𝟏 , 𝒚 = 𝟐  , 𝒛 = 𝟑                                                                                       
 

 

 

 

 

 

 

 

(10) 

 

 

 

 

 

 

 

 

 

2 

 

 

 

 

2 

 

 

 

2 

 

 

 

 

1 

 

 

 

 

1 
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6 (b) 

 

 

Solution: 

 

Evaluate ∫ ∫ ∫ 𝒙𝒚𝒛 𝒅𝒛𝒅𝒚
𝒛=√𝟏−𝒙𝟐−𝒚𝟐

𝒛=𝟎

𝒚=√𝟏−𝒙𝟐

𝒚=𝟎

𝒙=𝟏

𝒙=𝟎
𝒅𝒙 

 

𝑰 = ∫ ∫ ∫ 𝒙𝒚𝒛 𝒅𝒛𝒅𝒚

𝒛=√𝟏−𝒙𝟐−𝒚𝟐

𝒛=𝟎

𝒚=√𝟏−𝒙𝟐

𝒚=𝟎

𝒙=𝟏

𝒙=𝟎

𝒅𝒙 

= ∫ ∫ 𝒙𝒚 [
𝒛𝟐

𝟐
]
𝟎

√(𝟏−𝒙𝟐−𝒚𝟐) 
𝒚=√𝟏−𝒙𝟐

𝒚=𝟎

𝒙=𝟏

𝒙=𝟎
𝒅𝒚𝒅𝒙  

 

= ∫ ∫ 𝒙𝒚
(𝟏−𝒙𝟐−𝒚𝟐)

𝟐
𝒅𝒚𝒅𝒙

𝒚=√𝟏−𝒙𝟐

𝒚=𝟎

𝒙=𝟏

𝒙=𝟎
  

 

= ∫ ∫ (𝒙𝒚 − 𝒙𝟑𝒚 − 𝒙𝒚𝟑)𝒅𝒚𝒅𝒙
𝒚=√𝟏−𝒙𝟐

𝒚=𝟎

𝒙=𝟏

𝒙=𝟎
  

=
𝟏

𝟐
∫ [𝒙

𝒚𝟐

𝟐
− 𝒙𝟑.

𝒚𝟐

𝟐
− 𝒙.

𝒚𝟒

𝟒
]
𝟎

√𝟏−𝒙𝟐

𝒅𝒙
𝒙=𝟏

𝒙=𝟎
  

=
1

2
∫ [𝑥

1−𝑥2

2
− 𝑥3 1−𝑥2

2
−

𝑥

4
(1 − 𝑥2)2] 𝑑𝑥

𝑥=1

𝑥=0
  

=
1

2
∫ [

𝑥−𝑥3

2
−

𝑥3+𝑥5

2
−

𝑥

4
(1 + 𝑥4 − 2𝑥2)] 𝑑𝑥

𝑥=1

𝑥=0
  

=
1

4
∫ [𝑥 − 𝑥3 − 𝑥3 + 𝑥5 −

𝑥+𝑥5−2𝑥3

2
]

𝑥=1

𝑥=0
𝑑𝑥  

=
1

8
∫ [2𝑥 − 4𝑥3 + 2𝑥5 − 𝑥 − 𝑥5 + 2𝑥3]

𝑥=1

𝑥=0
𝑑𝑥  

=
1

8
∫ [𝑥 − 2𝑥3 + 𝑥5]

𝑥=1

𝑥=0
𝑑𝑥  

=
1

8
[
𝑥2

2
−

2𝑥4

4
+

𝑥6

6
]
0

1

  

=
1

8
[
1

2
−

1

2
+

1

6
]  

=
𝟏

𝟒𝟖
  

 

(10) 

 

 

 

 

 

 

 

1 

 

 

 

1 

 

 

 

1 

1 

 

 

 

1 

 

 

 

2 

 

1 

 

 

1 

 

 

 

 

 

1 

 

 SECTION-IV  

7 (a) 

 

Solution: 

 

If �⃗⃗� = (𝒙 + 𝒚 + 𝟏)𝒊 + 𝒋 − (𝒙 + 𝒚)𝒌 then show that �⃗⃗� . 𝒄𝒖𝒓𝒍�⃗⃗� = 𝟎 

 

𝐹 = (𝑥 + 𝑦 + 1)𝑖 + 𝑗 − (𝑥 + 𝑦)𝑘 

                = 𝑓1𝑖 + 𝑓2𝑗 + 𝑓3 𝑘  

(6) 

 

 

 

1 
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     𝑐𝑢𝑟𝑙�⃗⃗� = |

𝑖 𝑗 𝑘
𝛿

𝛿𝑥

𝛿

𝛿𝑦

𝛿

𝛿𝑧

𝑥 + 𝑦 + 1 1 −𝑥 − 𝑦

|  

                 = 𝑖[−1 − 0] − 𝑗[−1 − 0] + 𝑘[0 − 1]  

                 = −𝑖 + 𝑗 − 𝑘  

𝐹 . 𝑐𝑢𝑟𝑙𝐹 = −𝑥 − 𝑦 − 1 + 1 + 𝑥 + 𝑦   

               =0  

 

 

2 

 

 

1 

 

1 

 

 

1 

7 (b) 

 

 

Solution: 

 

Form the PDE by elimininating arbitrary constants a and b from   

z = (𝒙 − 𝒂)𝟐 + (𝒚 − 𝒃)𝟐 

 

Given, 

 

z = (𝒙 − 𝒂)𝟐 + (𝒚 − 𝒃)𝟐………………..(1) 

 

Differentiating partially wrt x, 

 
𝜕𝑧

𝜕𝑥
= 2(𝑥 − 𝑎)(1 − 0) + 0 

 

𝑝 = 2(𝑥 − 𝑎) 

 
𝑝

2
= (𝑥 − 𝑎) 

 

Differentiating partially wrt y, 

 
𝜕𝑧

𝜕𝑦
= 0 + 2(𝑦 − 𝑏)(1 − 0) 

 
𝜕𝑧

𝜕𝑦
= 2(𝑦 − 𝑏) 

𝑞 = 2(𝑦 − 𝑏) 

 
𝑞

2
= (𝑦 − 𝑏) 

Substituing in (1)we get, 

 

𝑧 = (
𝑝

2
)
2

+ (
𝑞

2
)
2

 

 

4z = 𝒑𝟐 + 𝒒𝟐  is the required solution 

 

 

 

(6) 
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7 (c) 

 

 

Solution: 

 

Solve p + q =  
𝒛

𝒂
 by Lagrange’s method.  

 

 

Given, 

p + q =  
𝑧

𝑎
 is of the form 𝑃𝑝 + 𝑄𝑞 = 𝑅 

 

The auxiliary equation is , 
𝑑𝑥

𝑝
=

𝑑𝑦

𝑞
=

𝑑𝑥

𝑅
 

 
𝑑𝑥

1
=

𝑑𝑦

1
=

𝑑𝑥

𝑧/𝑎
……………………(1) 

Consider 

 
𝑑𝑥

1
=

𝑑𝑦

1
 

 

The solution on integrating is , 

𝑥 = 𝑦 + 𝑐 

 

𝑥 − 𝑦 = 𝑐1 

 

Now consider, 

 
𝑑𝑦

1
=

𝑑𝑥
𝑧
𝑎

 

 

The solution on integrating is, 

𝑦 = 𝑎𝑙𝑜𝑔𝑧 

 

𝑦 − 𝑎𝑙𝑜𝑔𝑧 = 𝑐2 

 

The complete solution is, 

∅(𝑢, 𝑣) = 0 

 

∅(𝒙 − 𝒚, 𝒚 − 𝒂𝒍𝒐𝒈𝒛) = 𝟎 

 

 

(8) 

 

 

 

1 

 

 

 

2 

 

 

1 

 

 

 

 

 

 

 

 

 

 

1 

 

 

1 

 

 

 

 

 

1 

 

 

 

 

  1 

8 (a) 

 

Solution: 

 

Find the directional derivatives of 𝝓 = 𝒙𝒚𝟐 + 𝒚𝒛𝟑  at (𝟐,−𝟏, 𝟏) along 

 𝒊 + 𝟐𝒋 + 𝟐𝒌 
:           𝜙 = 𝑥𝑦2 + 𝑦𝑧3   

Grad 𝜙 =▽ 𝜙 =
𝛿𝜙

𝛿𝑥
𝑖 +

𝛿𝜙

𝛿𝑦
𝑗 +

𝛿𝜙

𝛿𝑧
𝑘 

                        = 𝑦2𝑖 + (2𝑥𝑦 + 𝑧3)𝑗 + 3𝑦𝑧2𝑘  

     ▽ 𝜙(2,−1,1) = (−1)2𝑖 + [2(2)(−1) + (1)3]𝑗 + 3(−1)(1)2𝑘  

                        = 𝑖 − 3𝑗 − 3𝑘  

(7) 

 

 

1 

 

 

 

1 
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Unit vector normal along the direction 𝑖 + 2𝑗 + 2𝑘 

�̂�=
𝑑 

|𝑑 |
=

(𝑖+2𝑗+2𝑘)

√1+4+4 
=

𝑖+2𝑗+2𝑘

3
 

 

Required directional derivative =▽ 𝜙. �̂� 

                                                  = (𝑖 − 3𝑗 − 3𝑘).
 (𝑖+2𝑗+2𝑘)

3
 

                                                  =
1

3
(1 − 6 − 6)  

                                                  = −
𝟏𝟏

𝟑
  

 

 

 

1 

 

2 

 

 

 

 

 

2 

 

8 (b) 

 

 

Solution: 

 

Evaluate ∮∫ (𝒙𝒚 + 𝒚𝟐)𝒅𝒙 + 𝒙𝟐𝒅𝒚
 

𝑪
 .where  is 𝑪 is the closed curve of the 

region  bounded  by  𝒚 =  𝒙 and 𝒚 = 𝒙𝟐 using Green’s Theorem.       

 

∮ 𝑀𝑑𝑥 + ∮ 𝑁𝑑𝑦 = ∮(𝑥𝑦 + 𝑦2)𝑑𝑥 + 𝑥2𝑑𝑦
𝑐𝑐

   

              𝑀 = 𝑥𝑦 + 𝑦2          𝑁 = 𝑥2 

             
𝜕𝑀

𝜕𝑦
= 𝑥 + 2𝑦           

𝜕𝑁

𝜕𝑥
= 2𝑥 

             
𝜕𝑁

𝜕𝑥
−

𝜕𝑀

𝜕𝑦
= 2𝑥 − 𝑥 − 2𝑦  

             
𝜕𝑁

𝜕𝑥
−

𝜕𝑀

𝜕𝑦
= 𝑥 − 2𝑦  

 

 
 
The curve C bounded by 𝑦 = 𝑥 & 𝑦 = 𝑥2 
∴ By the Green’s Theorem W.K.T  

∮𝑀𝑑𝑥 + ∮𝑁𝑑𝑦 = ∬(
𝜕𝑁

𝜕𝑥
−

𝜕𝑀

𝜕𝑦
)

𝑅
𝑐𝑐

𝑑𝑥𝑑𝑦 

                                     ⇒ 𝐼 = ∫ ∫ (𝑥 − 2𝑦)𝑑𝑦𝑑𝑥
𝑥

𝑦=𝑥2

1

𝑥=0
 

                                        = ∫ [𝑥𝑦 − 𝑦2]𝑥2
𝑥 𝑑𝑥

1

𝑥=0
  

                                        = ∫ [(𝑥2 − 𝑥2) − (𝑥3 − 𝑥4)]𝑑𝑥
1

𝑥=0
 

                                        = ∫ (𝑥4 − 𝑥3)𝑑𝑥
1

0
  

                                        = [
𝑥5

5
−

𝑥4

4
]
0

1

  

                                        =
1

5
−

1

4
  

 

                                        =
−𝟏

 𝟐𝟎
 

(6) 

 

 

 

 

 

 

 

1 

 

 

 

1 

 

 

 

 

 

 

 

 

 

1 

 

1 

 

 

 

 

 

1 
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8 (c) 

 

Solution: 

 

Derive one dimensional heat equation. 

 

 
            

Con Consider a homogeneous bar of constant cross-sectional area A. 

Let  𝜌  be the density, s be the specific heat and K be the thermal conductivity of the 

material. Let the sides be insulated so that the stream lines of heat flow are parallel 

andperpendicular to the area A. 

Let one end of the bar be taken as the origin O and the direction of the heat 

flow be the positive x-axis 

Let u = u(x, t be the temperature of the slab at a distance x from the origin. 

Consider an element of bar between the planes PQRS and P′Q′R′S′ at a distancex& 

x+δx from the end O. Let 𝛿𝑢 be the change in temperature in 

a slab of thickness x of the bar The mass of 

the element = Aρδx 

The quantity of heat stored in this slab element = Aρsδxδu 

Hence the rate of increase of heat in this slab element is 

R = (Aρsδx) 
∂u 

− − − − − − − > (1) 

                           ∂t 

If RI is the rate of inflow of heat and RO is the rate of outflow of heat, we have 

RI = − K A 
∂u 

and 
                        [ ∂x ]

x
 

            RO = − K A 
∂u 

− − − − − − − − > (2) 
                          [ ∂x]

x+δx 

Where the negative sign is due to empirical law (1) 

Hence we have from (1) & (2) 

R = RI − RO 

i . e, Aρsδx
 ∂u 

= K A 
∂u       

− K A 
∂u

 

∂t [ ∂x ]
x+δx 

[ ∂x ]
x
 

𝜕𝑢

𝜕𝑡
=

𝐾

𝛿𝑠
= {

[
𝜕𝑢

𝜕𝑥
]
𝑥+𝜕𝑥

−[
𝜕𝑢

𝜕𝑥
]
𝑥

𝜕𝑥
} ------------- > 3 

Taking limit as δx→ 0, 𝑅𝐻𝑆 𝑖𝑠 𝑒𝑞𝑢𝑎𝑙 𝑡𝑜 

𝐾

𝜌𝑠
 
𝜕

𝜕𝑥
(
𝜕𝑢

𝜕𝑥
) =

𝐾

𝜕𝑠

𝜕2𝑢

𝜕𝑥2
 

Further denoting c2 =
 K 

which is called the diffusity of the substance, (3) becomes 

                              ρs 

(7) 
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∂u 
= c2 ∂

2u 

∂t ∂x2 

ut = c2uxx       is the one dimensional heat equation 
Th 
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 SECTION-V  

 

9 (a) 

 

 

Solution: 

 

 

Compute the fourth root of 12 correct to 3 decimal places using   Regula 

Falsi method 

 

L       Let x=√12
4

 

 

              𝑥 = 12
1

4 

 

     𝑇𝑎𝑘𝑖𝑛𝑔 𝑡ℎ𝑒 𝑝𝑜𝑤𝑒𝑟 4 𝑜𝑛 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠  

 

        𝑥4 = 12  

    

      𝑥4 − 12 = 0 
     The function is, 
 
     𝑓(𝑥) = 𝑥4 − 12 
 
  Now f(0)=-12   (-ve) 
            f(1)=1-12 =- 11 (-ve) 
            f(2)=16-12 = 4 (+ve) 
 
   The root lies between 1 & 2 
            f(1.5)=-ve,f(1.7)=-ve ,f(1.8)=+ve 
 
   The root lies between 1.7 & 1.8 
 
   Now, 

  𝑥2 =
𝑥0𝑓(𝑥1) − 𝑥1𝑓(𝑥0)

𝑓(𝑥1) − 𝑓(𝑥0)
 

 

        = 
1.7(10.4976)−1.8(−3.6479)

10.4976−(−3.6479)
 

 
       𝒙𝟐  =1.861 
 

 

 

 

 

 

(10) 
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9 (b) 

 

 

 

 

Solution: 

 

Usi          Using Lagrange’s Interpolation formula,fit a polynomial for following  

          Data  find y at x = 4 

x 0 1 2 5 

y 2 3 12 147 

 
Given 

X 0 1 2 5 

y 2 3 12 147 

 
Lagrange’s Interpolation Formula for above table is 

 
𝑦(𝑥) = 𝑥3 + 𝑥2 − 𝑥 + 3  

𝑦(4) = 79  

 

(10) 
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10 (a) 

 

 

Solution: 

 

Evaluate ∫  
𝑑𝑥

1+ 𝑥2

1

0
 by using Simpson’s 

1

3
  rd  rule taking 4 equal strips and hence 

deduce an appropriate   value of 𝜋. 

 

Given,a=0 , b=1 , n=4  

 

ℎ =
𝑏 − 𝑎

𝑛
=

1 − 0

4
 

Also given,𝑦 = ∫  
𝑑𝑥

1+ 𝑥2

1

0
 

 

x 0 1/4 1/2 3/4 1 

y 1 16/17 4/5 16/25 1/2 

WKT, Simpson’s one-third rule: 

∫ 𝑦 𝑑𝑥 =
ℎ

3

𝑏

𝑎

 [(𝑦0 + 𝑦0) + 4(𝑦1 + 𝑦3) + 2(𝑦2 + 𝑦4)] 

                 =
1/4

3
[(1 + 1/2) + 4(16/17 + 16/25) + 2(4/5)] 

 

                 =0.7854 

To deduce the value of 𝜋 

(10) 
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∫  
𝑑𝑥

1 + 𝑥2

1

0

= 𝑡𝑎𝑛−1𝑥   
 𝑏𝑒𝑡𝑤𝑒𝑒𝑛(0,1) 

                       =   𝑡𝑎𝑛−11   
 − 𝑡𝑎𝑛−10  

      

                         =   
𝜋

4
− 0 

                0.7854 =   
𝜋

4
 

                  𝜋 = 3.142 

 

1 

 

 

1 

10 (b) 

 

 

Solution: 

 

Apply Runge Kutta fourth order method ,to find an appropriate value of y 

when x=0.2   given that 
𝑑𝑦

𝑑𝑥
= 𝑥 + 𝑦 and y = 1 when  x= 0 

Here x0 = 0,y0 = 1,h = 0.2, f (x0, y0) = 1 

k1 = h f (x0, y0) 

k2 = h f (x0 + 
1 

h, y0 + 
1 

k1) = 0.2 × f (0.1,1.1) ; k2 = 0.2400   

k3 = h f (x0 + 
1 

h, y0 + 
1 

k2) = 0.2 × f (0.1,1.12)   

k3 = 0.2440 

k4 = h f (x0 + h, y0 + k3) = 0.2 × f (0.2,1.244) ; k4 = 0.2888 

k =
1

 6
 
 
(k1 + 2k2 + 2k3 + k4) 

 

k = 
1     

(0.2000 + 0.4800 + 0.4880 + 0.2888) 
6 

k = 
1 

(1.4568)=0.2468 
         6 
Hence the required approximate value of y is y + k = 1.2428 
 

(10) 
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