ENGINEERING MATHEMATICS-20SCO01T
UNIT : 1 - MATRICES AND DETERMINANTS

Matrices

Matrix: A matrix is a rectangular arrangement of a numbers in a rows and

columns with in a closed brackets called as matrix.

Matrices is a plural form of matrix.

Eg:[é
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Order of a matrix:

If number of rows and columns are represented by m and n then order of a

matrix can be defined as m X n

Types of matrices:

1.

Square matrix : A matrix in which the number of rows is equal to the

number of columns ,is called a square matrix .e.g.: [é i]

Row matrix : A matrix in which it having only one row but many

number of columns is called row matrix .e.g.: [5 4]

Column matrix: A matrix having only one column but many number

of rows is called column matrix e.g.: [ﬂ

Diagonal matrix :It's a square matrix in which the non principal

diagonal elements are equal to zero .e.g.: [g (ﬂ

Scalar matrix : It's a diagonal matrix in which the principal diagonal
2 0]
0 2

Identity (unit) matrix : It's a scalar matrix in which the principal

elements are same other than 1. e.g.:

diagonal elements are equal to 1. .e.g.: [(1) (1)]

Null matrix : A matrix in which all the elements are zero is called as

null (zero ) matrix .e.g.: [8 8



www.mathswithme.in


Type equation here.

8. Symmetric matrix : A square matrix is said to be symmetric if it

remains same when rows are changed into columns or columns are

a b c a b c
changed intorows .e.g:A=|b ¢ a| A'=|b ¢ a
c a b c a b

9. Equal matrix : If two matrices are said to be equal

i)  They have the same order and

ii)  Corresponding elements are equal
X Y15 3]ico _ - =
Bg:|,, =15 3]ifx=5y=3 w=2,2=4

Algebra of matrices:

Transpose of a matrices:

The matrix obtained by interchanging rows into columns or columns into

rows is called transpose of a matrix and it is represented by A*(or)AT .

egiA=[1 2]jx; AT = B]le

Addition of matrices

If A and B are two matrices of same order mxn then their sum A+ B is also a

matrix of order mxn and is obtained by adding corresponding elements of A and B.

w a b w+a X+b]
Examples: (1) If X = and Y = then X +Y =
y c d y+c z+d |
5 3 3 4 5+3 3+4 8 7
(2)If A=|1 2|and B=|0 1| then A+B=|1+0 2+1|=|1 3
2 4 15 2+1 4+5| [3 9
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Subtraction of matrices

If A and B are two matrices of same order mxn then their difference A—B is also
a matrix of order mxn and is obtained by subtracting elements of B from corresponding

elements of A.

a b -a X-b
Examples: (1) If X = Y and v = then X —Y =| " X
y z c d y—c z-d
5 3 3 4 5-3 3-4 2 -1
) If A=|1 2|and B=|0 2| then A—B=[1-0 2-2|=|1 0
2 4 51 2-5 4-1 -3 3

Scalar Multiplication of a matrix

If A is a matrix and k is a scalar then the scalar multiplication kA is a matrix

obtained by multiplying each elements of A by scalark .

I kw  kx
Examples: (1) If A= V;/I X} then kA={ }

z ky kz
(4 1 0 8 20
(2)If B= then 2B =
-1 2 3 -2 4 6
PROBLEMS
1 3 .
Example 1: If A= |:4 2} then find 4A.
) ) 1 3
Solution: Given A= { }
4 -2
1 3
= 4A=4
.3
[4x1  4x3
= 4A =
|4x4 4x (—2)}
4 12
= 4A =
116 —8}

www.mathswithr

1 0 -3 .
Example 2: If B=[3 5 4} then find 2B. e . I n

Matrices and Determinants-1.4 Page 3

1



www.mathswithme.in


Type equation here.

) ) 1 0 -3
Solution: Given B=
3 2 4
1 0 -3
= 2B=2
3 2 4
2 0 -6
= 2B =
N

2 4 7

o1

31 2 0]
Example 3: If X = [ :| and Y = |: then find X +Y .

31 (2 0
and Y =
{2 5} _4 7}

. 3 1 2 0
Consider X+Y = +
2 5| |47

52 1] WWW,

Solution: Given X

i } mathswithme.in

0 -1 4 2 6 4

[ep}

0
and B=|7
-1 4 2

w N
~

1 2 6 0 2 1
Example 4:If A=(5 3 7|and B=|7 5 -1| thenfind A+B.
2
Solution: Given A= 5
6

o o -

=
N

6 0 2
Consider A+B=|5 3 7|+|7 5 -1
-1 4 2 6 4

[E

[1+0 2+2 6+1
= A+B=|(5+7 3+5 7+(-)
10+2 (-D)+6 4+4

= A+B=|12 8 6
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2 1 5 -1
Example5:If A=|6 2|and B=|2 0 | thenfind3B-2A.
4 3 1 4
2 1 5 -1
Solution: Given A=|6 2|and B=|2 0
4 3 1 4
5 -1 2 1
Consider 3B-2A=3|2 0|-2/6 2
1 4 4 3
(15 -3 4 2
=6 O0|-(12 4
13 12] |8 6
[15—-4 -3-2
~{6-12 0-4
3-8 12-6
11 -5
3B-2A=|-6 -4
5 6

1 2] [y 3] [7 5 .
Example 6: If . + =6 s then find values of x and vy.

2 5] |
_ , 1 2] [y 3] [7 5
Solution: Given + =
4 x| |2 5/ |65
[1+y 2+3] [7 5
= =
|4+2 X+5 6 5
N 1+y 5 } _ [7 5} Two matrices are said to be equal
| 6 x+5] [6 5 if they are of same order and their

corresponding elements are equal.

By equality of matrices, we get

1+y=7 And x+5=5
= y=7-1And x=5-5
= y=6 And x=0
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2 -1 1 5
Example 7: If A+B=|:3 4} and A—B=[4 } then find A.

Solution: Given A+B= 2 _41 i -- (1) i
F | .mathswithme.in
and A-B = 4 6 -~ (2)

Adding (1) and (2), we get

(A+ByuA—B)=F _1+{1 5}

3 4 4 -6
[2+1 -1+45
= A+B+A-B=
3+4 4—6}
'3 4
= 2A =
;)
3 4
— A=l
217 -2
3/2 2
= A=
7/12 -1
ASSIGNMENT PROBLEMS
3 1
1. If A= }thenfind3A.
2 5
(3 0 2
2. IfB= then find 2B.
-1 4 5
3 6 1
3. If A=|15 9| then find §A.
12 3
1 0 3
4. Find 2X giventhatX =|-2 5 7.
1 6 4
3 5 -1 2 3 1
5. If X=|6 2 4|andY=|4 -1 0| thenfind X +Y.
1 7 0 7 5 1

Matrices and Determinants-1.4 Page 6



www.mathswithme.in


Type equation here.

3 2 1 2 -1 3
6. If A= and B = then find 2A+B.
4 0 -1 5 3 6
I 4 4 1
7. If A= 3 and B = then find 3A—-B.
-1 2 3 0
1 5 2 3
8. If A= . 6} and B:{2 5} then verify that A+ B=B + A.

2 2 4
9. If X + = > 6 then find the values of x andy.
3 50 |-1 y| |27

5 2 3 6
10.If A+B ={O 9} and A-B :[0 } then find matrix A and B

Multiplication of matrices:

If matrix A of order m X n and matrix B of order n X p then AB is defined as the matrix
of order m X p it is obtained by multiplying by elements of 15t row of matrix A by
corresponding elements of 1st column of matrix B and adding there products .

To perform multiplication of two matrices, we should make sure that the number of
columns in the 1st matrix is equal to the rows in the 2nd matrix. Therefore, the resulting
matrix product will have a number of rows of the 1st matrix and a number of columns of
the 2nd matrix. The order of the resulting matrix is the matrix multiplication order.

g
i
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a b c
E.g.letAz[d . f]Bz

h
J
ko1

ag +bi+ck ah+bj+cl

Then 4B = [dg teitfk dh+ej+fl

Problems

1. IfA= [; i and B = [g ﬂ then find the product of two matrices.

1X24+2%Xx3 1X1+2X%X4

Soln: AB = |3 0 24 4x3 3x1+4x4
_[2+6 1+8
AB_[6+12 3+16]
8 9 )
AB—[18 19] order of ABis 2 x 2
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DETERMINANT

Definition:
A determinant is a real number associated with every square matrix.

The determinant of a square matrix A is denoted by "det A" or | A |.

Example: If A = [?1) 2] ,then detA = |A| = |; 2

Expansion of Determinant of a 2%X2 Matrix:

a b _ _Jla b
FA=[1 7] then deta=lal=["
|A] =ad -bc
Example: 1) Let A [; 8] then |A| = |§ 523
=1)(8)-(2 (C)
=8_6
|A| =2
= (3) (4) - (1) ()
=125
|B| =-17

Expansion of Determinant of a 3%X3 Matrix

a b
LetC= a, bz C2]
az bz ¢
_ b, «c, |a2 CZl a; b;
Then,|C|— aq b3 C3 =01 as c Cq as b3
+ - +
Note: Sign rule for expansion of order 3 determinant -+ -
+ - +

Example:
2 3 4 2 3 4
LetA=|5 8 1|then]Al|=[5 8 1
3 0 2 3 0 2

A8 1 5 1 5 8
Value of |A|—2|0 2|—3 |3 2|+4|3 0
=2(16 - 0) - 3(10 - 3) + 4(0 - 24)

=2 (16) - 3(7) + 4(- 24)
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=32-21-96
|A] = -85

SINGULAR AND NON-SINGULAR MATRIX

Definition
A square matrix B is said to be singular if its determinant value is zero, i.e.|B| = 0,

otherwise non -singular.
Example: 1) Let B= é Z] then
_|11 2
Bl=|; ¢
=M ©®)-2)E)

=6-6=0
|B| = Zero Therefore B is singular.

2)Let A= [1%(; 23(;] then
=15 %
=(10) (4) - (2) (20)

=40 -40
|A| =0, therefore A is singular.

www.mathswithme.in

2 0 0
3)LetA=[050

000
2 0 0
05 0
00 0

=2(0-0) - 0(0 - 0) +0(0 - 5)

then

|Al =

|A| =0 Therefore A is singular.
SOLVED PROBLEMS

I. Check whether the following matrices are singular:
_[5 25
n A=y 7]
Soln: |Al=

=) ) -1) (2
=25-25

|A| =0 therefore A is singular matrix.

|5 25|
1 5
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) Al
Soln: [al=[2 5 www.mathswithme.in
=@ ®)-006
=10-5

|A| =5#0 Therefore A is non-singular matrix.
4 12
3) A= [2 . ]
4 12
Soln: |[A] = |2 6 |
=4 (6)-(12) (2
=24 -24
|A| = 0 therefore A is singular matrix.
3 1 2
4) A=[6 2 4
7 5 6
3 1 2
6 2 4
7 5 6
= 3(12-20)-1(36-28) +2(30-14)
= 3(-8)-1(8) +2(16)
= -24-8+32
= -32+32

|A| =0 therefore A is singular matrix.

Soln: |A|=

IT Find the value of x

1 5 7
5 If 12 x 14[=0
31 2
1 5 7

Soln: Giventhat |2 x 14[=0

31 2
Expanding the determinant, we get,
12x-14)-5(4-42)+7(2-3x)=0
2x -14-5(-38)+14-21x=0
2x-14+190+14-21x=0

-19x +190=0

19 x =190
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1 2 3
6)If A=|x 4 1|isSingular Matrix
3 6 5
Soln: Given A is singular i.e. [A| =0
1 2 3
Al=|x 4 1|=0
3 6 5

Expanding the determinant, we get,
1(20-6)-2(5x-3)+3(6x-12)=0
1(14) -2 (5x -3) +3(6 x -12) =0
14-10 x +6+18 x -36 =0
-16+8x =0
8x =16

16

X =—
8

x=2

I) EVALUATE THE FOLLOWING

1 2 3
1 2 3 =2
1) |36 2) |1 il e o2
2 3 1
1 -1 2 1 1 1
@2 o 11 G)|3 2 1
3 2 1 2 3 1

(I) FIND THE VALUE OF 'x' IN THE FOLLOWING

x —1|_ x 8|_

1 |2 1|'0 @) |8 x|_0
1 2 3 12 9

B) [4 5 x|=0 @ (2 x 0/[=0
7 8 9 3 7 -6
2 x—1 -3

G) [1 -2 4 |=3x-1
3 -1 5

1.5: CRAMER’S RULE-TWO VARIABLES
SOLUTION OF SYSTEM OF TWO SIMULTANEOUS LINEAR

EQUATIONS BY CRAMER’S RULE (DETERMINANT METHOD)
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Consider the system of equations:

a,x+ byy=c; and a,x+ by =c,

A= Zl Zl =aiby- azb;  (det of coefficient)
2 2
A1 = 2 Z; = ¢1by- c;by  (det obtained by replacing 15t column f A by

constantscy, ¢;)

c
= |a, Cz| = ayc;-a,  (det obtained by replacing 274 column of A by
constantscy, ¢;)

1

Therefore, x= Aj and vy =%. Provaided (4 #0)

» Cramer’s Rule can also be used to solve the simultaneous equations of ‘n’

variables

Example

Solve 2x +3y =1; 3x -y = - 2 by Cramer’s rule.
S"“‘:A=|§ _31|=<2>(-1)—(3)(3>=-z-9=_11
1 3
Al:l_z _1|=(1)(“1)—(—2)(3)=1+6=5
2 1
“2:|3 _2|=(2)(—2)—(1)(3)=_4_3=_7

A 5 4, -7 7
Therefore,x=71=— and y="%= .

2
-11 A4 -11 11

Worked Examples on Cramer’s Rule

1) Solve the equations 2x + y =1; 3x + 2y =1 by method of determinants.
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Soln: Given system of equation is 2x +y =1

3x +2y =1

letA=|§ ;|=4—3=1 . .
www.mathswithme.in
m=]] J|=2-1=1

a=15 J|=2-3=-1

B R O e S
TlOWX—A—l— any—A—l—

~x=1landy=-1
2) Solve the equations x + y = 3; 2x + 3y = 8 by Cramer's rule

Soln: Given system of equationis x+y=3

2x +3y =8
let A= §=3—2=1,
Alzg é=9—8=1 and
p=; o|=8-6=2

_A1_1_1 p -V

mowx =—r=7=landy=-"=7
~x=1landy = -1

3) Solve 2x - 3y =5, 7x - y = 8 by Cramer's rule.

Soln: Given system of the equationsis 2x -3y =5

7x-y=38
let A=|2 I =-2+21=19
_° 3| _ _
p=|0 Ti=-5+2=19
—12 5|-1g_35=_
8= |5 8|_16 35 =—19
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MOWXE N T T Y TN T g T

~x=1landy=-1
4) Solve 3u + 4v =10; 2u - 3v =1 by Cramer's rule

Soln: Given system of equationis 3u +4v =10

2u-3v=1
eea=]> *|=-9-8=-17,
a=|y %|=-30-24=-34

A2=|§ 110|=3—20=—17

O Y VR VA
nowu—A—_17— an u—A—_17_

~u=2andv=1

Applications of Cramer’s rule to mesh analysis
The following is an example to demonstrate the application of crammer’s rule to solve

mesh current analysis problems;

Mesh Current Analysis Circuit

One simple method of reducing the amount

of maths involved is to
Analyse the circuit using Kirchhoff's Current Law equations to determine the
currents, I and I> flowing in the two resistors. Then there is no need to calculate the
current I5 as it is just the sum of I and I». So Kirchhoff’s second voltage law simply
becomes:

e EquationNo1: 10= 50I; +40L

e EquationNo2: 20= 40l + 60L
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The above equations can be solved using crammer’s rule, resulting in detection of I and

.

EXERCISE www.mathswithme.in

Solve by Cramer’s Rule:

1) 3x+ty=4, x+3y=4
(2) 2x-3y=5,7x-y=8

(3) 5x+3y =1, 3x +5y =-9
(4) Y=4, x+3y=4

() 3x +4y-7=0, 7x-y-6=0
(6) Ri+4R2=70,2R2-3R1=0

1.6 : CRAMER’S RULE-THREE VARIABLES

SOLUTION OF SYSTEM OF THREE SIMULTANEOUS LINEAR
EQUATIONS BY CRAMER’S RULE (DETERMINANT METHOD)

Consider the equations aix+biy+cz=d
axX + by + coz=d>
asx +bsy + caz =ds,

In three variables x, y and z.

a, b, c, (det of coefficient)

=|dy, by c (det obtained by replacing 1%t column of A by constants)

Ay, =|a; d; c;| (detobtained by replacing 27d column of A by constants)

As;=|a, b, dy| (detobtained by replacing 3rd column of A by constants)
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Therefore, x= 2% v =22 and z =2 ided A = 0
erefore, x= %, y =% and z =% provide

Example:
Solve using cramer’s rule: 5x -2y -3z =17, 3x - y+z =15 and x+y -6z=-13

Solution: Given system Equation of

5x -2y -3z =17
3x -y+z =15
xty -6z =-13
then
5 -2 -3
A=13 -1 1
1 1 -6

=5(6 - 1)+ 2(- 18 - 1) - 3(3+1) = 25 - 38 - 12 = - 25,

17 -2 -3
A =15 -1 1
~13 1 -6

=17(6 - 1)+ 2(- 90+13) - 3(15 - 13) =85 - 154 - 6 = - 75.

5 17 =3
Ar=13 15 1
1 —-13 -6

=5(- 90+13) - 17(- 18 - 1) - 3(- 39 - 15)
= _ 385+323+162=100.

www.mathswithme.in
5 =2 17
A3= |3 -1 15
1 1 —13
=5(13 - 15)+ 2(- 39 - 15)+17(3+1)
= - 10 - 108+68= - 50.
Ay _ =75 _ _ Ay 100 _ _ A, -50 _
XSy T =3 yEuTyE Y et =t

Therefore, x=3, y=-4 and z=2
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1)solve the following equation using Cramer’s rule
x+y+z=7, 2x+3y+2z=17; 4x+9y +z =37
Solution : Given system of equation is
X +y +z=7

2x +3y +2z=17

4x +9y +z=37
1 1 1
LetA=[2 3 2[=1(3-18)-1 (2-8)+1 (18-12)=-15+6+6= -3
4 9 1
7 1 1
A- (17 3 2|=7(3-18)-1(17-74)+1(153-111)
37 9 1
= -105+57+42= -6
1 7 1
A,_ |12 17 2|1(17-74)-7(2-8)+1(74-68)= -57+42+6= -9
4 37 1
1 1 7
Az-|2 3 17|=1(111-153)-1(74-68)+7(18-12)
4 9 37
= -42-6+42= -6
_Al_—6_2' _AZ_—9_3 p _A3_—6_2
now x = A= 3° ;Y = A= 3" and z = A= 3"

sx=2,y=3,z=2
2)solve the following equation by Cramer's rule
2x+ty-z=3;x+ty+z=1;,x-2y -3z =4

Solution :Given system of equation is 2x +y -z = 3;

x+y+z=1
x -2y -3z=4
2 1 -1
LetA=[1 1 1 | =2(-3+2)-1(-3-1)-1(-2-1)=-2+4+3 =5
1 -2 -3
3 1 -1
A=11 1 1 |=3(-3+2)-1(-3-4)-1(-2-4)=-3+7+6=10
4 -2 -3
2 3 -1
Ay=11 1 1 |=2(-3-4)-3(-3-1)-1(4-1)= -14+12-3= -5
1 4 -3
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2 1 3
Ay=(1 1 1[|=2(4+2)-1(4-1)+3(-2-1)= 12-3-9=0
1 -2 4
nowx—A—S—,y_A_S_ anZ_A_S_

sx=2,y=-1,z=0
Applications of cramer’s rule to mesh analysis
The following is an example to demonstrate the application of cramer’s rule to solve
mesh current analysis problems;

Mesh Current Analysis Circuit

Iz = (I.+1z)

One simple method of reducing the amount

of math’s involved is to
analyse the circuit using Kirchhoff’s Current Law equations to determine the
currents, I and I> flowing in the two resistors. Then there is no need to calculate the
current I3 as its just the sum of I and I>. So Kirchhoff’s second voltage law simply
becomes:

e EquationNo1l: 10= 50 +401I

e EquationNo2: 20= 405 + 601>
The above equations can be solved using cramer’s rule, resulting in detection of I and I».
The following are the problems for practice:

I)Evaluate the following :

1 2 3
1 2 3 -2
el 22 ep 2
2 31
1 -1 2 1 1 1
@2 o 1l B3 2 1
3 2 1 2 3 1
(IT)Find the value of "X’ in the following:
x -1 x 8 1 2 3 1 2 9 2 x—1 -3
Dy @l oo s so@wk x 00 @1 -2 4|8
7 8 9 3 7 —6 3 -1 5

1.
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(III) solve by cramer’s rule:

1) 3x+y =4, x+3y=4

(2)2x -3y =5, 7x -y =8

(3) 5x+3y =1, 3x +5y =9

4) x+y+z=7 , 2x+3y+2z=17 , 4x+9y+z = 37.
5) x+y+z=7, x+2y+3z=16 , x+3y+4z=22

6) 2x+y=1, y+2z=7 , 3z-2x=11

(IV) a) Find the value of R1 and R> cramer’s rule:
Ri+ 4R> =70, 2R2 -3R1 = 0
b)In an electrical network, currents iy, iz, i3 are given by,
3i1 + ix+ i3 =§,
2i1 - 3ix- 2i3 =-5,
7i1 + 2iz- 5i3 =0.
Calculate the current i> using cramer’s rule.

Mcq's:
1)Which among the following matrices can be expanded as a determinant.

2
(a)[é g ‘5‘ (b)[g ‘7*] (C)H @[3 5 7]

Ans: option (b).

2)which among the following statements is true?
(a) A det is a square matrix of order n xn.
(b) A det is a real number associated with a square matrix.
(c)A det is always singular.
(d)A det is a matrix with equal number of rows and columns.
Ans: option (b).

2 0 0
3) The det valueof [0 5 0fis
0 0 3
(@3 (b) 15 (c) 30 (d) 10.

Ans: option (c).

4) If matrix * A “ is singular matrix , then
(@) [Al =100 (b)IAl=0 (c)|A|is plural (d)|Alis any real number
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Ans: option (b)

@HA=E

(a) 6 (b) -6 (c) 16 (d) 0.
Ans: option (a).

)ZC] is singular , then x=

MCQ’S ON CRAMER’'S RULE
1)Which among the following is a method to solve system of
simultaneous equations:
(a)chain rule (b) Pythagoras rule
(c) cramer’s rule (d) rule of matrix
soln: option (c).
2) To find value of “x” in the system of equations : x+y =1 and 2x +3y =2
how many determinants are required in Cramer’s rule
(a)1 (b) 2 ()3 (d) 4
Soln: option (b)
3) To find value of ‘X" and “y’ in the system of equations :
x+y =1and 2x +3y =2
how many determinants are required in Cramer’s rule
(a)1 (b) 2 ()3 (d) 4
Soln: option (c)

4) The solution set of linear equations: x+ y =1 and 2x +3y =2 is

(@)x=1, y=0 (b) x=0,y=1 (c) x=-1,y=0 (d)x=0, y=0
Soln: option (a) A= 1, A=1 , A=0
6 1

A, 0O
A =I=1andy=X=I=0
5)The value of ‘X’ that satisfies the system of equations
3x+4y=7 and 7x -y=6 is
(a)x=-2 (b) x=10 () x=1 (d) x=0

. 1
Soln: option (c) A= —31, A=-31 ,x=—=-=1

Consider the system of equations:

a,x+ bjy=c; and a,x+ byy=c,

A= Zl Zl =a;b,-a;b;  (det of coefficient)
2 2
4, = 2 Z; = ¢1b,- c;b;  (det obtained by replacing 1st column f A by

constantscy, ¢;)
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Type equation here.

a; G

A=|
2 a, ¢

| = aic,-a,  (det obtained by replacing 2nd column of A by

constantscy, ¢;)

[N

. Provaided (4 #0)

Therefore, x= 21 and y =2
4 A

» Cramer’s Rule can also be used to solve the simultaneous equations of ‘n’

variables

Example

Solve 2x +3y =1;3x -y = - 2 by Cramer’s rule.

Sdn:A=|§ _i|=@X—D—%&GF=—2-9=-4H

1 3
A1:|_2 1= MED - (-2)@)=1+6=5
2 1. ) )
AZ:|3 | =@E) - ME)= -4-3= -7
Therefore,x=%=_i11 and y=%=__—171=1_71

Worked Examples on Cramer’s Rule

1) Solve the equations 2x +y =1; 3x + 2y =1 by method of determinants.
Soln: Given system of equation is 2x +y =1

3x +2y =1

eca= 3 5l=4-3=1 www.mathswithme.in

_ 11 1 _,_ 4
m_h S|=2-1=1

a=12 J|=2-3=-1

Matrices and Determinants-1.4 Page 21



www.mathswithme.in


Type equation here.

=2 jamdy=22-"1o
nowx=-—r=-=landy=-—-==—=

~x=1landy=-1
2) Solve the equations x + y = 3; 2x + 3y = 8 by Cramer's rule

Soln: Given system of equationis x+y=3

2x +3y =8
letA=; §=3—2=1;
Al—g §=9—8=1 and
Azzé §=8—6=2
A, 1 8, 2

==-—-—=a—-—-= :—2:
nowx—A 1 landy A

~x=1landy=-1

3) Solve 2x - 3y =5, 7x - y = 8 by Cramer's rule.

Soln: Given system of the equationsis 2x -3y =5

/x-y=38
let =5 "3 =-2+21=19
_|5 3| __ _
M=o |=-5+2=19
12 5| qsae
8= |3 8|—16 35 =-19
B LR

~x=1landy=-1
4) Solve 3u + 4v = 10; 2u - 3v = 1 by Cramer's rule

Soln: Given system of equationis 3u +4 v =10
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2u-3v=1
leta=[5 *|=-9-8=-17,
a=|y % =-30-4=-34

A2=|§ 11°|=3—20=—17

O L e A
TlOWU,—A—_17— an u—A—_17—

~u=2andv=1
EXERCISE

Solve by Cramer’s Rule:

1) 3xty =4, x+3y=4
(2) 2x-3y=5, 7x-y=38
(3) 5x+3y=1,3x+5y=-9

(4) y=4, x+3y=4

() 3x +4y-7=0, 7x-y-6=0

(6) Ri+ 4R, =70, 2R, -3R; = 0

Minor of an element of a matrix: Minor of an element a;; of a matrix is the determinant

obtained by deleting i** row and j** column of matrix.

Steps to find Minor of an element

For each element of the matrix
Step (1): Delete the elements on the current row and column
Step (2): Calculate the determinant of remaining elements

a; a . .
Example 1: Consider a 2 x 2 matrix A = [bi bz] FO||O\f\I .the same method to find the Minor of
remaining

To find Minor of a4

a; a
Step (1): [bi bz

Minor of a; =
| bz | = b,

Minor of dp, = |b1 | =b1
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Type equation here.

Minor of b;=]a, | =a,

Minor of b, =|a; |=a;

b; by b3
Gt C C3

a; a, as
Example 2: Consider a 3 X 3 matrix A = ]

Minor of To find Minor of a4

a; =
' a1 ~ Follow the same method to find the Minor of
Step (1): |b1  remaining elements
C1
b, b
Step (2): | 2 *| = (bacz — bscy)
C2 €3
b, b
sz C:| = (bzc3 = bscy)
Minor of a, = by bs = (bqyc3 —bzcq)
€1 G
Minor of a3 = by by _ (byc; — bycy)
C1 C

a; as
Minor of b =| |= a,C3 — asC
1 c, C3 (azcs 3C2)

. a; az

Minor of b, = |C1 c3| = (a;c3 —azcy)
. a; A

Minor of b; = |C1 ol = (ajcy; —ajcy)

a, a
Minor of ¢; = bz bz = (aybz —azb,)

a; a
Minor of ¢, = bi bz = (a;bz —azb;)

a a
Minor of C3 = bi bi = (a1b2 - azbl)

Problems on finding minor of an element of a matrix

1: Find the minor of 2 and 4 from the matrix [é g]

. _[2 4
Solution: Let 4 = [ p 8]
Minorof2 = |8| =8

Minorof4 = |6] = 6

2: Find the minor of -2 and -5 from the matrix [_12 :g
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Solution: Let 4 = [_12 :g]

Minor of —2 = |-3| = =3
Minorof—5=1]1| =1

1 2 6
3: Find the minor of 1 from the matrix [3 4 7‘
8 9 5
1 2 6
Solution: LetA=|3 4 7]
8 9 5

Minor of1=|g Z| = (4x5)—(7x9) =20 — 63 = —43

2 5 6
4: Find the minor of 5 and -3 from the matrix [—1 4 —3]
0O 9 7
2 5 6
Solution: LetA=|-1 4 -3
0O 9 7

Minorof5=|_01 _73|=(—1x7)—(—3x0)=—7—0=—7
. 12 5] B B
Mmorof—3—|0 9|—(2><9)—(5><0)—18—0—18

Cofactor of an element: Cofactor of an element is minor of the element with + or - sign
given to it. If the element is in the i** row and j** column, the sign to be allocated is (—1)**/.

Steps to find Cofactor of an element

For each element of the matrix

+ - +
_— + _—
+ - +

Step (1): Allocate the + or - sign by using (—1)"*/ or [t ;] or

Step (2): Delete the elements on the current row and column

Step (3): Calculate the determinant of remaining elements

. oA [A1 Az
Example 1: Consider a 2 X 2 matrix A = [b1 bz]

To find Cofactor of a¢
Step (1): Allocate + or — sign by using (-1)i*/ or
dp  az

Follow the same method to find
Step (3): +|b,| = b,

. cofactors of remaining elements ——
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Type equation here.

COfactor of a;(Cof a;) = +|b,| = A;

COfaz = _lbll = AZ

COfb1 = _lazl = Bl

CObe = +|all = BZ

-~ Cofcator matrix of A =

Example 2: Consider a 3 X 3 matrix A =

Ay Az]
B, B,

b; by b;
¢t C2 C3

a1 az 33]

To find Cofactor of a4

Step (1): Allocate the + or —sign by using (-1)i*/ or

(47 ad ag
Step (2): + b1 by b3 Follow the same method to find
B c, c; cofactors of remaining
b, b
Step (3): +| > 3| = +(bycs —bscy)
C; C3

Cofactor of a;(Cof a;) = +

Cofa, = — tc’l
1
Cofaz = + tc’l
1
a
Cofby = — Cj
ai
COfb2=+ ¢
a
Cofbs = — ci

az
Cofcy =+ b,

b3
C3
b,
C2
az
C3
az
C3
az
C2
asz

b;

b, b
C C3

= +(byc3 — c3bz)=byc3 —bzc, = Ay
= —(byc3 —bzcy)= —byc3 + bsc; = A,

= +(byc; — bycy)=bicy; —byey = Ay

= —(azc3 —azcy)=—a,c3 +azc, =By

= +(a;c3 —azcy)=asc3 —azc; = B,

= —(a4Cy —ayCq)=-a;Cy +ac; = B;

= +(azbz — azby)=azb; —azb, = C;
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d; ads

Cofc2=—|C1 Cs

| = —(a;c3 —azcy)=—a;c3 +azc; = Gy

a; A2
C of C3 = + |b1 b2| = +(alb2 - azb1)= albz - a2b1 = C3

A1 Ay Ag
By Bz Bs
G G G

-~ Cofcator matrix of A =

Problems on finding cofactor of an element of a matrix

1: Find the cofactor of 3 and 5 from the matrix [3 g]
P _[3 5
Solution: Let 4 = [7 9]

Note: use these signs [t ;] to find the cofactor of an element

Cofactor of 3 = +|9| =9
Cofactor of 5 = —|7| = -7

1 3

2: Find the cofactor matrix of A = [2 c

- 3
Solution: Let A = [2 5]
Cofactor of 1(Cof 1) = +|5| =5
Cof3=—-|2|=-2

Cof2=—|3| =-3
Cof5= +|1| =1

) , 5 =2
-~ Cofcator matrix of A = [_3 1 ]
3 2 5
3: Find the cofactor of 5 and 6 from the matrix [7 8 2
1 6 4
3 2 5
Solution: LetA=|7 8 2
1 6 4

Cofactor of 5 = + |Z 2 =+(42-8) = +(34) = 34

Cofactor of 6 = — |§ g| — —(6—35) = —(=29) = 29
5 1 3
4: Find the cofactor matrixof |4 2 6
2 1 4
5 1 3
Solution: LetA =4 2 6
2 1 4
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+ - +
_+_
+ - +

Note: use these signs to find the cofactor of an element

Cofactor of 5(Cof 5) = + ﬁ Z| =+8-6)=+(2)=2

_ |4 6| _ e — —(4) = —
Cof1= |2 4|_ (16 —12) = —(4) = —4
_ 2|4 2| _ o —
Cof3=+[; {|=+U4-9H=0
I O T
Cofa=—|; ;|=-G4-3=-(=1
_ 4|5 3|_ _ _
Cof2= +[7 *|=+(20-6) = +(14) = 14
— P Yo ey —(3) = —
Cof6=—|> |=-G6-2=-(3)=-3
_ 2|1 3|_ A
Cofz=+|, 7|=+(6-6=0
_ 5 3|_ _ _
Cofi=—|7 °|=-(30-12)=—(18) = —18
_ 4|5 1j_ _ _
Cofa=+[, |=+10-8)=+(6)=6
2 -4 0
~ Cofactor matrixof A= 1|1 14 —3]
0 -18 6

Model questions(4marks)

1 2 3
5 4 1
4 2 3
[3 -1 2
0 -3 9]
1

5 4

1. Find the cofactor matrix of

2. Find the cofactor matrix of

4 1 5
-1 0 7 ] Find the cofactor matrix of A
2 -3 =2

3. IfA=

Adjoint of a matrix: Let A be square matrix of order n. The adjoint of a matrix A is the

transpose of the cofactor matrix of A. It is denoted by adj A.

i.e. adj A = [cofactor matrix of A]T

Steps to find adjoint of a matrix

Step (1): Find the cofactors of every element in the given matrix.
Step (2): Write down the cofactor matrix.

Step (3): Find the transpose of the cofactor matrix.
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Type equation here.

) ) a; az
Example 1: Consider a 2 X 2 matrix A = [b1 bz]

Cofactor matrix of A =[A1 AZ]
B, B,

NOTE: Where Ay, A, B; and B, are the cofactors of a;, a,, b; and b, respectively.
We know that, Adjoint of A(adjA)= [cofactor matrix of A]T

_[A AZ]T

By B

.. A, B
Therefore, Adjoint of A= [ A; B:]

d; dz 4as
Example 2: Consider a 3 X 3 matrix A = |b; b, b3]
i C2 GC3
Ay Az Az
Cofactor matrix of A =|B; B, Bj
G G G

NOTE: Where A4, A,, Az, B4, B;, B3, Cq, C, and Cj are the cofactors of a;,a,, az, by, by, bs, ¢q, ¢, and c5

respectively.

We know that, Adjoint of A(adjA)= [cofactor matrix of A]T

Ay A, As)”
B, B, B;
C; C Cs
A, By
A, By G,
A; Bs Cg

Therefore, Adjoint of A =

NOTE: For any square matrix of A, A(adjA) = (adjA)A = |A|I

Problems on finding adjoint of a matrix

1:IfA = [g ﬂ find Adjoint of matrix A.

Solution: Given 4 = [g ﬂ [t I]
Cofactor of 4 (Cof 4) = +|1| =1
Cof 2 =—|5|=-5

Cof 5=—[2|=-2

Cofl1=+|4| =4

= Cofactor matrix of A = [ 1 _5]

-2 4
We know that, adjA= [cofactor matrix of A] T
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adia= [ L -45]T

adjA = [_15 _42]

4 )

NOTE: Adjoint of 2 X 2 matrix can be found out by interchange the principal diagonal
elements (PDE) and interchange the signs of remaining elements.

7 : 3 =7
For example, If A = PDE |, adjA = [ ]
9 ) ] _9 2
- Y,

- . . . _[6 5
2: Find the adjoint of the matrix 4 = [_1 8]
. _[6 5 + -
Solution: Given A = [_ 1 8] [_ +]

Cof 6 =+[8| =8
Cof5=—|-1| = +1
Cof —1=—|5| =5
Cof8=+[6| =6

Cofactor matrix of A = [_85 é]

We know that, adj A= [cofactor matrix of A]T

g8 117

adjA = 6

adja= 5 77|

3 15
3:IfA= |6 1 2| findadjA.
4 2 1
3 15 + - +
Solution: Given4A =16 1 2 - + -
4 2 1 + - +
1 2
Cof3=+2 1=+(1—4)=.|.(_3)=_3
16 2] e ey o
Cofl=~|, [|=-(6-8)=-(-2)=2
6 1
Cof5=+|, ,|=+(12-4)=+(8) =8
Cof6=—|* 2l=—1-10)=—-(-9)=09
2 1
_ .13 5/_ _ _
— 13 Y _h = () =
Cofz=~|, [=-(6-9=-(@)=-2
_ |11 5 _ _ _
Cof4=+| >|=+2-5=+(-3)=-3
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C0f2=—|2 ;’|:—(6—30)=—(—24)=24

C0f1=+|2 1|=+(3—6)=+(—3)=—3

-3 2 8
~ Cofactor matrixof A=|9 —-17 =2
-3 24 -3
We know that, adj A= [cofactor matrix of A]T
-3 2 87
adjiA=|9 -17 -2
-3 24 =3
-3 9 =3
adijA=|2 —17 24
8 -2 =3
3 -1 2
4: Find the adjointof (2 -3 1
0 4 2
3 -1 2] [+ — +
Solution: GivenA = |2 -3 1| |[- + -
0 4 2 + - +

Cof 3 = + |_43 ;| = +(=6—4) = +(=10) = —10

COf—1=—|g ;=—(4—0)=—(4)=—4
C0f2=+|§ _43|=+(8—0)=+(8)=8
C0f2=—|_41 §|=—(—2—8):—(—10)=10

COf—3=+|g §|=+(6—0)=+(6)=6

B Y_ _r_m=_ - _
Cof1=—| 4|_ (12 - 0) = —(12) = —12
Cof 0=+ :é i|=+(—1+6)=+(5)=5

B 2l a1y =
Cof4=—| 1|_ B-4)=—(-1)=1
Cof2=+[5 TI|=+(=9+2) =+(-7) = -7

~10 -4 8
-~ Cofactor matrix of A =1| 10 6 —12
5 1 -7

We know that, adj A= [cofactor matrix of A]T

-10 -4 817
ade=[10 6 —12]

5 1 -7

-10 10 5
adiA=|-4 6 1
8 -12 -7
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Model questions (4marks)

1. Find the adjoint of the matrix [1 2]
3 4
12 1. .
2. IfA= [_3 3] find adjA
3. 1fA=[> }|find Adjoint of A
6 8

Model questions (5marks)

1 2 3
1. Find the adjoint of the matrix [1 3 3]

2 4 3
[1 1 -1
2. IfA=|1 2 llfind Adjoint of A
-1 1 -3
3 0 -2
3. IfA=(0 1 4]ﬁndade
0 2 3

Singular matrix: A square matrix ‘A’ is said to be singular if and only if |A| = 0

Example: A = [g g] is a singular matrix because |A| = 0

Non—singular matrix: A square matrix ‘A’ is said to be non-singular if and only
if JA] #0

Example: A = [é Z] is a non-singular matrix because |A| # 0

Inverse of a matrix: If a matrix ‘A’ is non-singular (JA| # 0), the inverse of matrix A can
be defined.

ie. A"l=-21 adjA
Al

What is the Inverse of a Matrix?

This is the reciprocal of a number:

The Inverse of a Matrix is the same idea

but we write it A™*
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1
Why not K? Because we don't divide by a matrix!

Why Do We Need an Inverse?

Because with matrices we don't divide! Seriously, there is no concept of dividing by a matrix.

But we can multiply by an inverse, which achieves the same thing.
Steps to find inverse of a matrix

Step (1): Find the determinant of a given matrix (|A| # 0).

Step (2): Find the adjoint of a given matrix.

Step (3): substitute |A| value and adjoint of A in the formula A~ = I_i\ adjA

NOTE 1: If A and B are two non-singular matrices of same order then (AB)™! = B7!A™!
NOTE2: AA™1=A"1A=1

www.mathswithme.in

Problems on finding inverse of a matrix

1 3

1: Find inverse of the matrix 4 = [2 3

Solution: Given A = [; 53;

Consider |A] = |§ g| —(8-6)=2%0

Therefore A™! exists.
To find adjA interchange the principal diagonal elements and interchange the signs of remaining

elements.

From the matrix A, ade=[_82 _3]

1
We know that, A™1 = ﬁ adjA
-1_1[8 =3
A = 2 [—2 1 ]
1 -1 2
2: Find the inverse of the matrix A =12 1 1
4 -1 -2
1 -1 2
Solution: Given 4 =12 1 1
4 -1 -2
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1 -1 2
Consider |A| =2 1 1(=1(-2+1)+1(-4-4)+2(-2-4) =-21+0
4 -1 -2

Therefore A~ exists.

To find adjoint of matrix A

cof1=+|1 L|=+2+D=4+(-D=-1

COf—1=—|i _12|=—(—4—4)=—(—8)=8

Cof2:+i _11|=+(—2—4)=+(—6)=—6
-1 2 e
Cof2=—|", _2|_ (2+2)=—(4) = —4
1 2
Cof 1=+, °|=+(-2-8)=+(-10)=-10
RS T e
Cofi=—|, ~|=-(-1+H=-(3=-3
-1 2
Cofa=+| " | =+(-1-2)=+(-3)=-3

COf—1=—|§ f|=—(1—4)=—(—3)=3

COf—2=+|é _11|=+(1+2)=+(3)=3

We know that, adjA= [cofactor matrix of A]T

-1 8 —6]"
adjA=|-4 -10 -3
-3 3 3
—1 —4 —3]
adjA=|8 -10 3
-6 -3 3

We know that, A™1 = ﬁ adjA

-1 -4 —3]
Al=-—|8 -10 3
216 3 3
1 2 4
3:IfA=|3 -1 2| findAl
5 1 =2
1 2 4
Solution: Given4=1|3 -1 2
5 1 =2
1 2 4
Consider |[A|=|3 -1 2|=12-2)-2(-6-10)+4(3+5) =64 %0
5 1 =2

Therefore A~ exists.

To find adjoint of matrix A

C0f1=+|_11 _22|=+(2—2)=+(0)=0
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C0f2=—g _22 = —(=6—10) = —(—16) = 16
_ .13 -1_ _ _
Cof4=+|] '|=+B+5)=+® =8
2 A ey
cof3=—|/ *|=-(-4-H=-(-8)=38
1 4
Cof—1=+|5 _2|=+(—2—20)=+(—22)=—22
_ |11 2 _ _q_ — (0O —
Cof2=—| 1|_ (1—10) = —(=9) = 10
_ 2 4 _ _ _
Cof5=+|% J|=+G4+m=+® =38
C0f1=—; ‘2‘|=—(2—12)=—(—10)=10

COf—2=+|§ _21|=+(—1—6)=+(—7)=—7

We know that, adjA= [cofactor matrix of A]T

T

0 16 8

adiA=|8 —22 10

8 10 -7

0 8 8

adjA = [16 —22 10

8 10 -7

We know that, A1 = IT‘lkl adjA

([0 8 8
A7l = 6_4 16 —-22 10
8 10 -7

Model questions (5marks)

1. Find the inverse of the matrix [; _21]
3 5

2. 1fA=[2 "

] find the inverse of A

Model questions (6marks)

1 2 1
5 4 3

1. Find the inverse of the matrix

231]
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1 2 -1
2. IfA=|-1 1 2 ] find the inverse of A
2 -1 1
1 0 3
3. fA=|2 1 4|findA™?
3 -1 5

Characteristic equation of matrix: Let A be square matrix of order n then [A — Al| = 0

is called characteristic equation of matrix A. Where I is identity matrix of order n and 24 is

constant.
Characteristic roots of matrix: Let A be square matrix of order n then the roots of the

characteristic equation |A — AI| = 0 are called characteristic roots or eigen values.

NOTE: The sum of the eigen values is equal to the sum of the principal diagonal elements of the

matrix.

Problems on finding characteristic equation and eigen values of a

1: Find the characteristic equation of 4 = [g _21]

5 2

C.Eis given by |A —Al| =0

Solution: Given 4 = [

|[§ _21]_7\[(1) (1)“ =0 (Wherel = [(1) (1)] Identity matrix)

|2—7\ -1 _
3 2-2

2-0D2-0)+3=0
4—-20—-224+22+3=0

A% — 4) + 7 = 0 is required characteristic equation.

2: Find the characteristic equation of A = [; i]

1 2]
3 4
C.Eis givenby |A =2l =0

5 312y HI=0
|1;A 4EA|:O

1-D@E-2)—-6=0
4-A—M+12—-6=0

Solution: Given 4 = [

Matrices and Determinants-1.4 Page 36




Type equation here.

A? — 50 — 2 = 0 is required characteristic equation.

3 2

3: Find the characteristic equation and eigen values of A = [ 4 s

3 2]
4 5
C.Eis givenby |A—Al| =0

G512l Hll=o

|3—7\
4

Solution: Given 4 = [

sixlzo
B-MD6G-1)-8=0
15—31—-51+22-8=0
A2—81+7=0
M—7A-1A4+7=0
AMA=7)—1(A=7)=0
A-77A-1)=0
A—7=00rA—-1=0
A=7o0r A=1

A = 7,1 are the eigen values of given matrix.

-1

wa=[3 7]

] find the eigen values
3 —1]

0 -2

C.Eis givenby |A—Al| =0

o Z2l-2ly 3ll=0
|35A _;A:o . -
Gon-n-oco  WWW.mathswithme.in
—6—32+2A+2*-0=0

A2—2—-6=0

A2—-3A4+2A-6=0

AA=3)+2(A-3)=0

A-=-3y+2)=0

A—3=0o0orA+2=0

A=3or A=-2

Solution: Given A = [

A = 3,-2 are the eigen values of given matrix.

1 —1]

5: Find the characteristic equation and its roots of 4 = [_ 6 —
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1 -1
-6 -2

C.Eis givenby |A—Al| =0

s Zl-2lo dll=o0
|1—7\ -1 |_
-6 —2-2

1-0D(2-1)—-6=0
—2—1A4+2A+2%2-6=0
A2+12-8=0

Solution: Given 4 = [

The above equation is the form of quadratic equation ax” + bx + ¢ = 0

—-b+vbZ-4ac

By using formula X = -

We get A = ~2E/@P—3CH)
21)

3= —1+v1+32
- 2
N 33)

2

= -1+,/33) -1-./33)
- 2 7 2

are the characteristic roots of given matrix.

Model questions (6marks)

1. Find the characteristic equation and roots for the matrix [; ;L]

2. Find the characteristic equation and eigen values for the matrix [_23 _11]

3. Find the characteristic equation and eigen values for the matrix [_31 ﬂ

4. Find the eigen values for the matrix [(3) ﬂ

www.mathswithme.in
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